Factorization by Invariant Embedding
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for the Laplace Operator
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Abstract This work concerns the factorization of a second order elliptic bound-
ary value problem defined in a star-shaped bounded regular domain, in a system of
uncoupled first order initial value problems, using the technique of invariant em-
bedding. The family of domains is defined by a homothety. The method yields an
equivalent formulation to the initial boundary value problem by a system of two un-
coupled Cauchy problems. The singularity at the origin of the homothety is studied.

1 Introduction

The invariant embedding technique consists in embedding the initial problem in a
family of similar problems depending on a parameter, which are solved recursively.
It has been used by Bellman [1] and Lions [6] (in the infinite dimensional case)
to derive the optimal feedback law in linear-quadratic optimal control problems. It
yields a factorization of the optimality system. In our approach, the invariant em-
bedding is used spatially. Each problem is defined over a subdomain limited by a
mobile boundary (see Fig. 1), depending on the parameter. Defining an operator re-
lating the value of the solution, or its derivative, with the mobile boundary condition
(Dirichlet-Neumann or Neumann-Dirichlet, for example), we find a family of oper-
ators on functions defined on the mobile boundary satisfying a Riccati equation. The
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method applied to cylindrical domains has been presented in [4, 5]. Here we partic-
ularize the study to the two dimensional Poisson equation with a Dirichlet boundary
condition: —Au = f, in Q, U, = 0. The assumption on the shape of the domain is
less restrictive than in [4, 5] and the invariant embedding is realized by a homothety.
The family of curves which limits the subdomains defined by the invariant embed-
ding are homothetic to one another, and we consider the moving boundary starting
on the outside boundary of the domain and shrinking to a point. We show some re-
sults dealing with the singularity that will appear at that point. The factorization of
the boundary value problem can be viewed as an infinite dimensional generalization
of the block Gauss LU factorization.

Fig. 1 The star-shaped domain

2 Definition of the Problem and Regularization

Let Q C R? be an open bounded regular domain containing the origin O, star-shaped
with respect to O, with boundary I, = 0. We consider the Poisson problem with

Dirichlet data
—Au=f,in Q
g@){ n

ulr, =0,

where f € L>(Q). In spite of the particularization to the Laplacian operator in this
definition, we believe that the same procedure could be applied to any strongly el-
liptic self-adjoint problem.

Applying the (spatial) invariant embedding method to this problem, we must start
defining a family of subdomains limited by a boundary sweeping over the initial
domain Q.

We start dealing with the case where the family of curves which limits the subdo-
mains, starts on the boundary of the domain and shrinks homothetically to a point.
Since the mobile boundary reduces to a point, a singularity will necessary appear
at that point. We must make, as a consequence, a regularization around this point
and a possible way to do it, is to define an auxiliary domain, where we introduce a
fictitious boundary around the singular point. In this case, however, we introduce a
perturbation of the solution so, naturally, we must choose the new boundary condi-
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tion, in a way that we can obtain the convergence of this auxiliary problem to the
initial one. With this purpose, we will consider the following auxiliary problem:

—Aug = f, in Q\ Q¢

() el =0 ?)

d

/ Zear = 0, ug|r; is constant.
L on

Here, €, is an open regular domain verifying Q, C Q and I, which is homo-

thetical to I, with ratio € < 1, is the boundary of €2¢. This problem is well posed.

We can justify the choice of the boundary conditions on I; with the fact that the

condition 5
e =0 3)
L on
corresponds to a null total flux.
It’s easy to see that Ug={ue € H' (2 \ Q) : g, =0 A ug is constant} is a

Hilbert space and that the variational formulation of problem (%) is

Uge GUQ

/ Vite Vv dQ = FvedQ, Vve € U.
Q\0Q Q\Qe

“4)

We prove that when € — 0, problem () reduces to problem (&), that is, ue,
the solution of problem (%%), converges to u, the solution of problem (&), by
means of the next theorem, which proof can be found in [3]:

Theorem 1. Let ug (respectively, u) be the solution of () (respectively, (P )) and

Ug, in 2\ Q
ﬁg:{ e 1 010 )
Ug = Ue|r,, in Q.
Then,
fle —>0u,H1(Q) — strong. 6)

3 Invariant Embedding in a Star-shaped Domain

We start defining polar coordinates by means of x = p cos(6),y = psin(6),0< p <
®(6), where p = ¢(0) defines the boundary I;,. Here, ¢(8) € €' ([0,27]) is such
that @(27) = @(0), ¢’'(27) = ¢’(0) and 0 < kp < @(0) < k. In the coordinates
(1,0), where T = p/¢(0), the Laplace equation becomes
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1 (9))* L 90)\ 1
¢*(6) 9) <P3( )/ ©d1d6

T
(6) ((,0( ) 1 1 du 1 1 0%
*( 0’(6) T o) T ())raﬁ e 2aer !

Now, let o be the angle (OM,n) where M is a point on I; and n is the outward
normal to I; at M. We assume that —7/2 < op < a < a; < 7/2. We consider the
homothety of center O and ratio 0 < 7 < 1, which transforms 2 to Q; with bound-
ary I, and the following system of curvilinear coordinates: for M € Q, (1,t) are
such that M’, the image of M by a 1/7 homothety, belongs to I} and ¢,0 < ¢ < 1,
is the curvilinear abscissa of M’ on I}, (where 1) is the length of I;). This new sys-
tem of coordinates and the one defined previously are related through the equalities

)

/
cos(a)dr = ¢dO and tan(ax) = %. In these coordinates, the exterior normal to I';

n be written si—— ! i+tan(a)£
canbe W as o = " ecos(@) 9t |t o

2] T Ju; Juy
~ot (q,cos(oo o ‘tan(o‘)at)
9 aur (0] au‘c _
- (— tan((x)ﬁ + "L'C()S@a[) = Tf(pCOS((X).

Using the technique of invariant embedding, we embed problem (%) in a family
of similar problems defined on 2\ 2; = {(s,¢) €]7,1[x]0,5][}, forevery 7 € [, 1).

, and the Laplace equation takes

the form

®)

Uz
—— | = h, where

on

For each problem we impose the Neumann boundary condition
I; is the moving boundary:

d T dug duz
gFr (Waf ‘tan(o‘)at)
d duy ©  dug) .
5 (—tan(a)aT + ’L'Coswc)at) =1f@pcos(a), in 2\ Q;
(Pep) g uelr, = ©)
v —u 3u1| 8uf|
T‘t:0 T‘t tO (9t t=0 a =1
dug, 1 du;  tan(a) du;
0 5= T oosi@ ot T T a1 "

In order to apply a method similar to the one used by Lions [6] for decoupling
the optimality conditions associated to an optimal control problem of a parabolic
equation, we define P(T)h = Ya, » Where ¥; is the solution of
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0 T 2 Y
9t <<pcos(a> I ‘an(o‘)at)

~¢-i (—tan(a)&% + 4 &%> =0, inQ\ Q,

ot 9t ' tcos(a) or
Y, =0 (10)
d
_ Y 9%
%\r:o = Yr‘t:to P li—o= T |t:t0
and r(7) = ﬁf‘r , where f; is the solution of
d T df; 2P
ot ((pcos(a) at —tan(a)at>
9 9B, @ 9B _ -
BT (—tan(a) P + oos(@) 9t ) Tfecos(a),in 2\ Q¢
ﬁ% =0 (11D
d
=0
_ P, 9P
ﬁr‘[zo - ﬁr‘t:to 9 W|t=0 - W =1y
By linearity of (Z; ), the following relation holds true
ur(t) = P(t)h+r(7). (12)
Then taking h = ?(T) on Iz, it is clear that u;(7') = u(7’) for t < 7/ < 1. Then
n
du
u(t) = P(t)5 (1) + (7). (13)

Taking the derivative of the previous equality, in a formal way, with respect to 7, we
can derive (cf Sect. 4) the following system of uncoupled, first order in 7, equations:
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oP ¢sin(a) d Pd . P d d
—— a—PJr 1/_8<(psm(oc)> +Tzat<(pcos(a)8tP>

2T T

== —g@cos(a) 1

dr ¢@sin(a)dr P d ar\ (14
ot oA ("’“‘”(“)at) et

pl 1 u+tan yr—
pcos(a) It |t 8t e

Again from (13), and considering the initial conditions on I, we also obtain
P(1) =0 and r(1) = 0, which corresponds to the initial conditions of the first two
equations above. We will define the initial condition for the last equation in Sect. 5.
The Riccati equation for P which depends only on the operator and the shape of the
domain in problem &2, can be solved for decreasing T once for all. For each data
(f), the problem is now solved by integrating two Cauchy problems: the one on r
for 7 decreasing from 1 to 0 and the one on u backwards in 7.

4 Arriving to the Uncoupled System

Considering u, solution of (4) and ve, solution of the homogeneous equation Av, =
0 with arbitrary boundary condition on I; and using the Green formula, we obtain
in the (7,7) coordinates

O 0ve dug 0ve dug  Ive dug
/ / goos(a) ot ar @) <(9t8r+ 9t ot )

o Jve 8148 L [" 1 dve 3 tan(a) dve
+ tcos(at) ot ot drde = /0 ((pcos(ot)ar e dr

Ug|r—e dr.

T=¢ 15)

A similar formula holds for 2\ Q; = {(s,#) €]7,1[x]0,5][}.
Deriving the resulting equality with respect to the variable 7, we obtain

1o s Jvr duy ove dur  0dvg dug
ar(// <(pcos afcar_tan(o‘)(az 9t "ot 8t>
¢ 9vidus __9 /“) T dve Ive
T Scos(@) ar a;)dtds> 3T< o \goos(a) a7 —wnl@) 5 Jusdt ) =
o T dvr duy 0ve dur  dvg dug o dvidu;
I <<pcos(a>afaf‘ta“<“> (ataﬁ e at>+ms< %) ot a )df

[0 9 T dvg dve [ d [ dve
_/0 P (((pcos( )W—ta n(a )8t) u7> dt__./o P (T I ur) dr.

(16)
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Then, using (13) and the Laplace equation (8) we have successively,

/ T dvr dur ~ tan(a) %8ur+%8ur N o Jv;dug dt
o (pco ocos(a) 9t ot " ot 9t ' 9t ar ) tcos(a) r o1
0 dve 8141 dvy OP du; dve d [ duy
(a ( > oot on T Tantor (a>
1_8 8vT Br dt
on

N v duz vy OP du; Jv; du;
—./ ( t<“"‘“ " Teos(@ >at>Pa,ffamfaﬁanPan

an a aur (P au’[

ot a;(t (@37 ~ Toos@) a:) Jepeos(a )}
J 8vr (0] aV‘r aV’L‘ ar

5 <m<“>af " Zoos@) at>r “on af> d.

A7)

Therefore, using once again (13) and integrating by parts in ¢ the right hand side,
the equality becomes

/to (T %% ftan(a)%aur ftan(a)%aur
0o \@cos(a) dt It Jdr dt Jat dr
¢  Jdvidu;
+ Tcos(o )8t8t)

_ /’0 ( tan(o avT duz © Jv:du; (18)

)9t at T 7eos(@) a1 ar
vy 0P du; Jv; du; OJv; du; dve @  duyg
" anaran “onlan o NGt o Teosta) o

v 8vr or
fEPf‘L'(pcos( )— TS, 37:) dr.

After simplification, we obtain

/tO i %%dt
o @cos(a) dT JdT

_/’0 _ e POz | Ovepdur  Ove @ dur
B dndt dn  dn dn  Jt tcos(a) It

19)

v 8v1 or
—WPfT(pcos( )— e 8T>dt

Expressing the ¢ and 7 derivatives in terms of normal derivatives, we get
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1o dvr dus . vy d , dug
I (“”“’S(“)anan —osin(a) 55, (P,)
) Jve or ) 0, dvy du
_QSIH(Q)T;E _(PSIH(a)a[(Pa]/::)a};> dt
10 vy 0P du; dvy _du dve dr
_ _ Ve dPduc | Ovr dur  dvg or 20
/o( “nocon on'an “onor 20)
n ocos(a) d (PcQVT) d (Paur)

T Jt' dn’dt\ In

pcos(a) d  dve\ dr  dve
+#E(PE)E_EPJ(T¢COS(O‘) dr.

From the principle of invariant embedding, — on I; is arbitrary so that we can

separate the parts depending and independent orfl this quantity, obtaining
av‘; auf . a avf 8”7
(T(PCOS(a)an, an) — ((P Sln(a)a OPE, W
) dvy d dur\ dv; JP du;
‘(‘P““(“)anvat“’an) = (‘Tan’afan @b

Ive pOuz  (@cos(@) I p,0ve 9, 0ur
+<an’Pan>+< PR TA i PR TR

and

((psin(&)%t,?j) = <Paa\:;,f’c(pcos(a)> + <’L’aa‘:;,§:_>

B ((pcos(a) ) P&vt 8r> @2)

T ot onor

d
where Ve is an arbitrary test function. This corresponds to (14).

on

5 Defining u(0)

In this section we study the limit of problem (42, ) when € goes to zero, that is when
the hole shrinks to the origin. This is useful to define an initial condition for the
equation for u in the factorized form.

Theorem 2. Considering ug the solution of problem (), Ue |, 1S bounded by a
constant not depending on €.

Proof. The first part of the proof consists on showing that we have

infr,we < Ue|p, < supp, we, 23)
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where w, € H} () is the solution of the problem
~ 2\ Qe
—Awe = fe = 24
we = fe { 0, Q. (24)
From —Awg = f¢, in H} (), we find
- ©ow
|—awe= [ o= [ =-[ 5 25)
Q Q Q\Q¢ Jr, dn
On the other hand, from the formulation of problem (£?;) and choosing a test func-
tion equal to one, we find
d d d
/ ~Aup = f=— Ole [ Ole Glte (26)
Q\Q¢ O\ Qe . dn Jr, on r, on

0 0
Therefore, we have the equality Glle _ [ e
I, on I, on
Let us now suppose that Ue|, = Ce < infr, we. Then, ue — we satisfies:
_A(ug _Wg) = 0, in 2 \Qg
(Mg — Wg)‘ru = 0

(27)
(ue — Wg)‘l—:e <0.

From (27), and using the maximum principle, we can also conclude that u, —
we <0,in Q \ Q¢ and, in fact, ue —we <0, in Q \ 2¢. As a consequence, using the

0 d
definition of directional derivative, we find that % I, > an I -
n n
o (ue — d(ue —
From M I, > 0and M = 0 we conclude that
on T, on
0 (ueg —we)

5 I, = 0. Therefore, we have ug —we <0, in 2\ Q¢, and (e —we) =0,
n

0 _
in I;;. Using Lemma 3.4 of [2], for each point of I;;, we find w >(0a.e.on
n
I; and we reach a contradiction. So, we must have inf,we < ce.

Analogously, one can show that ¢ < sup we.

For the second part of the proof, using [2] (Theorem 8.15, page 189, with g = 4),
we can show that [|[we||;=(q) is bounded by a constant not depending on € (it only
depends on constants concerning || f|;2(q) and the size of £2) and the result follows.

O
Now we are able to establish the value of u on the origin.

Theorem 3. Let f € €% (Q) Then, when € converges to 0, ug converges to u(0).
€

Proof. Considering u the solution of problem (Z?), since f € %O*O‘(Q), we have
u € €>%(Q). Let, as previously, —Awg = fe, we € H} (). Therefore, ve = we —u
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—f5 Qe

0, 2\ Q.
that [|ve||z=(a) < k([[vell;2(0) + I€ell12(a)), Where k is a constant not depending on
€. When € — 0 we have ||ve|[;2(o) — 0and [|g¢||;2(q) — O, then [[ve | =(q) — 0. So,
for & > 0 there exists € > 0 such that |ve (x)| < g and |u(x) —u(0)| < g,Vxe Q. UI;.
Then, for x € I, |we(x) —u(0)| = |ve(x) +u(x) —u(0)| < & and consequently, —6 <
infr; (we (x)) —u(0) = infp; (we (x) —u(0)) < supp, (we(x) —u(0)) = sup, (we (x)) —
u(0) < 8. Using (23), we find —6 < infwe — u(0) < ug, —u(0) < suppwe —
u(0) < &, which implies that ug|, — u(0), when € — 0. O

satisfies —A(ve) = ge, Where gz = Using again [2] we can show

6 Conclusion

Considering H; ,(.#), where .# denotes the interval (0, 7), to be the space of func-

1 4

, e L*(.#) and such that v has periodic

cos(a) dt

boundary conditions v(0) = v(fp), we can define HTI,/pz(J ) as the 1/2 interpolate
/

between H; ,(.#) and L*(.#), and (Hflé,z(,ﬂ )) as the 1/2 interpolate between

(Hz, (7 )" and L*(.#). The final result is synthesized as follows - denoting by
(.,.) the scalar product in L*(.#), then P, r and u satisfy:

tions v verifying v € L*(.¥)

1. The operator

Pe2 (IX(9)H.(5)NZ ((H%é,z(f))/,Hgﬁ,z(ﬂ)) .
(28)
N2 ((HL,(9) 12(5)),

bounded as a function of 7, satisfies, for every 4,4 in L2(.#), the Riccati equa-
tion

) (25, 9 e (2o pp, 2509

dt T ot ot T

B ((pc:zsaaatophniopio _ <ih7p;}>:—((pcosah,f_l)

(29)

in 2/(0,1), with the initial condition P(1) = 0.

2. For every hin Hfl/,?(f ), r satisfies the equation

ar osina dr ocosa dr 0 B
(&T’h>_( e at,h)—(rz&,atoPh)——((PCOSO!f,Ph)

(30)
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in 2/(0,1), with the initial condition (1) = 0.
!
3. For every h in (Hfl/pz(f )) , u satisfies the equation

1 Jdu tano du
(q,cosaaf’f’”) B ( T at’Ph) TRy ) ()

=) s (i)

(€19

in 2'(0,1), with the initial condition given by Theorem 3.

P
Moreover, taking Q = — as unknown and ¢ = log(7) as variable, the above Ric-

cati equation can also take the simpler form

do ., - . d - d -
(d“h,h>— ((pmn(xh,atth) — (atth,(psmoch)

B B (32)
- <(pcosaat OQh’E th) - ((pcosoch,h) ,

and, identically, the equation for the residue r becomes

ar . or Jr 0 B 2
(c?/.t’h) — ((psmaat,h) — (¢cosa(9t,8tth) =— (e (pcosotf,Qh)7

with initial conditions, respectively, Q(0) = 0 and r(0) = 0. Then u satisfies (33)
1 Jdu du
7Qh) - <tanath>+<u7h> 1/2 1/2 4
((pcosoc u ot Help (/)7(Hr,p («7)) (34)
= r,h U
< >H$/,3<ﬂ>,( ()
The initial condition on u given by Theorem 3 is now valid at 4t = —oo. These

equations allow us to seek an explicit formula for the solution of (£?), through
homographic transformation, as the Riccati equation has constant coefficient in u.

From the numerical point of view, one can consider a spatial discretization of
the problem adapted to the system of coordinates (¢, 7) (or (¢,t)), which leads to a
linear system of equations. Then there exists a particular discretization of the system
(32), (33), (34) through which we can recover the Gauss block LU factorization of
this linear system. That is why we claim that the proposed factorization is an infinite
dimensional generalization of the Gauss factorization. But other discretizations exist
that give new directly computable discretizations of the original Poisson boundary
value problem. They will be presented elsewhere.
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