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Abstract In this paper, we consider the geodesic tube characterization using a
Galerkin-Level Set strategy. The first section is devoted to the analysis of a geodesic
tube construction between two sets through the definition of the shape metric. In the
second section, we define the Galerkin-Level Set strategy in shape analysis. This
new variational formulation associated to a Hilbert space metric for shape identifi-
cation problem consists in parameterizing the level set function in a finite dimen-
sional subspace spanned by linear independent functions. Consequently, this method
is more focused on topological changes than on high accuracy for the boundary
evaluation as in a traditional level set formulation. In the third section, we use the
Galerkin-Level Set formulation applied to a geodesic tube construction between two
sets, through the calculus of the shape derivative of the normal speed. Finally, this
geodesic tube construction is validated by a numerical experiment.

1 Tube Formulation using Moving Domain

In this section, we briefly recall the concept of connecting tube, introduced in [6].
Let us consider D as a bounded universe in Rn and two open sets domains Ω0, Ω1
⊂ D. We denote the initial domain by Ω0 and the final domain by Ω1, and consider
the tube connecting Ω0 with Ω1 defined by the n + 1 dimensional graph of an n-
dimensional moving domain: see Fig. 1. Consequently, considering the time interval
I = [0,1], we define the tube evolution Q by product space, using the cylinder I×Ω

as follows:
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Q =
⋃

0≤t≤1

{t}×Ωt (1)

Moreover, we denote by Σ the lateral boundary of the tube, defined by the follow-
ing expression: Σ =

⋃
0≤t≤1{t}×Γt , where Γt denotes the boundary of Ωt . The char-

acteristic function of the tube is defined by ζ (t,x)
de f
= χΩt (x) and verifies ζ 2 = ζ .

Following [4, 5], the set of connecting tubes between Ω0 and Ω1 is defined by:

T (Ω0,Ω1) =

{
ζ ∈ L∞(I×D) and piecewise C1 ,

[
ζ (0) = χΩ0

ζ (1) = χΩ1

}
(2)

Fig. 1 Continuous tube between Ω0 and Ω1.

The outgoing unitary normal vector field on the lateral boundary of the tube Σ is
defined by

ν(t,x) =
1√

1+ v(t,x)2

(
−v(t,x)
n(t,x)

)
(3)

where n(t,x) is the normal field to Γt and v(t,x) is an intrinsic geometric entity called
the normal speed of the boundary Γt .

Definition 1. In order to characterize the minimal tube path between Ω0 and Ω1, we
introduce the function:

d(Ω0,Ω1) = inf
ζ∈T (Ω0,Ω1)

∫ 1

0

∫
Γt

|v(t,x)| dΓ (x) dt (4)

Lemma 1. The function d(Ω0,Ω1) is a metric.
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Proof. We have to prove that the function d(Ω0,Ω1) satisfies:

1. (Identity of indiscernibles) d(Ω0,Ω1) = 0 ⇔ Ω0 = Ω1.

• If Ω0 = Ω1 then v = 0 and d(Ω0,Ω1) = 0.
• If d(Ω0,Ω1) = 0 that implies ∀t ∈ [0,1] , v(t, .) = 0 and the time space normal

(3) is ν(t, .) = (0,n(t, .)). Then the tube is a cylinder and the domain Ωt does
not depend on time, consequently Ω0 = Ω1.

2. (Symmetry) d(Ω0,Ω1) = d(Ω1,Ω0).

• If we consider the backward tube ζ̂ (t) = ζ (1− t) ∈T (Ω1,Ω0), that implies
v̂(t, .) =−v(1− t, .), and consequently d(Ω0,Ω1) = d(Ω1,Ω0).

3. (Triangle inequality) d(Ω0,Ω2)≤ d(Ω0,Ω1)+d(Ω1,Ω2).

• We consider three open sets domains in D: Ωi ∀i ∈ [0,2]. We denote by ζ1 ∈
T (Ω0,Ω1) the tube connecting Ω0 to Ω1, and by ζ2 ∈ T (Ω1,Ω2) the tube
connecting Ω1 to Ω2. Let us consider the piecewise C1 tube defined, through
its characteristic function ζ̂ as follows:

ζ̂ (t,x) =

{
ζ1(2t,x) if 0 ≤ t ≤ 1

2

ζ2(2t−1,x) if 1
2 ≤ t ≤ 1

(5)

Consequently, the normal speed on the boundary Γt is given by:

v̂(t,x) =

{
2v1(2t,x) if 0 ≤ t ≤ 1

2

2v2(2t−1,x) if 1
2 ≤ t ≤ 1

(6)

Now by construction ζ̂ ∈ T (Ω0,Ω2) is a tube connecting Ω0 to Ω2 and we
get:

d(Ω0,Ω2) ≤
∫ 1

2

0

∫
Γt

|v̂(t,x)|dΓ (x) dt +
∫ 1

1
2

∫
Γt

|v̂(t,x)|dΓ (x) dt

≤
∫ 1

2

0

∫
Γt

|2v1(2t,x)|dΓ (x) dt +
∫ 1

1
2

∫
Γt

|2v2(2t−1,x)|dΓ (x) dt

≤
∫ 1

0

∫
Γt

|v1(r,x)|dΓ (x) dr +
∫ 1

0

∫
Γt

|v2(u,x)|dΓ (x) du

(7)

and as v1 (resp. v2) is the infimum in the definition of d(Ω0,Ω1) (resp.
d(Ω1,Ω2)) up to ε > 0, then ∀ε ∈ R∗

+ we get:

d(Ω0,Ω2) ≤ d(Ω0,Ω1) + d(Ω1,Ω2) + 2ε (8)
ut
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1.1 Tube Formulation using a Level Set Method

In this paper, we use a level set parameterization for the domain evolution. In this
method the moving domain Ωt is defined by the set of points in D for which the
level set function Φ is positive:

Ωt =
{

x ∈ D | Φ(t,x) > 0
}

(9)

We denote by Φ0 the level set function of the domain Ω0, and by Φ1 the level set
function of the domain Ω1:

Ω0 =
{

x ∈ D | Φ0(x) > 0
}

, Ω1 =
{

x ∈ D | Φ1(x) > 0
}

(10)

Using the level set formulation, the set of connecting tubes between the initial
domain Ω0 and the final domain Ω1 becomes:

TLS(Ω0,Ω1) =


Φ(t,x) ∈ L1(I,C0(D̄))
χΩt ∈ C0(Ī,L1(D))
Φ piecewise C0

,

[
Φ(0,x) = Φ0(x)
Φ(1,x) = Φ1(x)

 (11)

We consider a decomposition of the time interval I into a finite number of time
intervals in which the level set function Φ is continuous. Therefore Φ is piecewise
C0, which means that there exists an integer N and an increasing sequence: (t0 = 0 <

t1 < · · ·< tN = 1) with a decomposition of the time interval as follows: I =
⋃

1≤k≤N

Īk

where Ik =]tk, tk+1[, such that:

∀k ∈ [1,N] , Φ(t, .)
∣∣∣
Ik
∈ C0(Ik) (12)

Definition 2. The metric d defined by the equation (4) can be expressed, in term of
the level set function Φ as follows:

d(Ω0,Ω1) = inf
Φ∈TLS(Ω0,Ω1)

∫ 1

0

∫
Γt=Φ−1(0)

|∂t Φ(t,x)|
‖∇Φ(t,x)‖

dΓ (x) dt (13)

Indeed, using the level set formulation we have the relations:

n(t,x) =
−∇Φ(t,x)
‖∇Φ(t,x)‖

, V(t,x) = −∂tΦ(t,x)
∇Φ(t,x)
‖∇Φ(t,x)‖

(14)

Then the normal speed of the boundary Γt turns into:

v(t,x) = 〈V(t,x) , n(t,x)〉Rn =
∂tΦ(t,x)
‖∇Φ(t,x)‖

(15)

where 〈., .〉Rn denotes the inner product in Rn.
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Assumption 1 The function d(Ω0,Ω1) expressed in term of the level set function
Φ , is also a metric.

1.2 Tube Formulation using the Federer Theorem

In this section, we consider the tube formulation through the level set method de-
scribed previously, and we consider an approximation of the metric d using the
Federer measure decomposition theorem.

Theorem 1. (Federer measure decomposition) Let us consider a functional F ∈
L1(D), and ∀h > 0 the domain

Uh(Γt) =
{

x ∈ D | ‖Φ(t,x)‖ < h
}

(16)

Then we have:∫
Uh(Γ )

F(x)dx =
∫ +h

−h

(∫
Φ−1(z)

F(x)
||∇xΦ(x)||

dΓ (x)
)

dz (17)

Corollary 1. Assuming the mapping:

z ∈ [−h, +h]→
∫

Φ−1(z)

F(x)
||∇xΦ(x)||

dΓ (18)

to be continuous, we obtain:∫
Γ

F(x)
||∇xΦ(x)||

dΓ (x) =
1
2h

∫
Uh(Γ )

F(x)dx + o(1), h → 0 (19)

Definition 3. Using the Federer measure decomposition theorem and according to
the previous corollary, we consider an approximation of the metric d denoted by dh
and defined as follows:

dh(Ω0,Ω1) = inf
Φ∈TLS(Ω0,Ω1)

∫ 1

0

1
2h

∫
Uh(Γt )

|∂t Φ(t,x)| dx dt (20)

Lemma 2. The approximation of the metric d(Ω0,Ω1), denoted dh(Ω0,Ω1) is also
a metric.

Proof. We have to prove that the function dh(Ω0,Ω1) satisfies:

1. (Identity of indiscernibles) dh(Ω0,Ω1) = 0 ⇔ Ω0 = Ω1.

• If Ω0 = Ω1 then ∂tΦ = 0 and dh(Ω0,Ω1) = 0.
• If dh(Ω0,Ω1) = 0 that implies ∀t ∈ [0,1] , ∂tΦ(t, .) = 0 in

Dh =
⋃

0≤t≤1{t}×Uh(Γt) and that implies Φ = Φ(x) ∈ Dh. Consequently,
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the boundary Γt
de f
=
{

x∈D | Φ(x) = 0
}

does not depend on time, and Ω0 =
Ω1.

2. (Symmetry) dh(Ω0,Ω1) = dh(Ω1,Ω0).

• If we consider the backward tube Φ̂(t, .) = Φ(1− t, .) ∈ T (Ω1,Ω0), that
implies ∂tΦ̂(t, .) =−∂tΦ(1− t, .), and dh(Ω0,Ω1) = dh(Ω1,Ω0).

3. (Triangle inequality) dh(Ω0,Ω2)≤ dh(Ω0,Ω1)+dh(Ω1,Ω2).

• We assume three open sets domains in D : Ωi ∀i ∈ [0,2]. We denote by Φ1 ∈
TLS(Ω0,Ω1) the tube connecting Ω0 to Ω1, and by Φ2 ∈ TLS(Ω1,Ω2) the
tube connecting Ω1 to Ω2. Let us consider the piecewise C1 tube defined,
through its level set function Φ as follows:

Φ̄(t,x) =

{
Φ1(2t,x) if 0 ≤ t ≤ 1

2

Φ2(2t−1,x) if 1
2 ≤ t ≤ 1

(21)

Consequently, the time derivative of level set function Φ on the domain
Uh(Γt) is given by:

∂tΦ̄(t,x)(t,x) =

{
2∂tΦ1(2t,x) if 0 ≤ t ≤ 1

2

2∂tΦ2(2t−1,x) if 1
2 ≤ t ≤ 1

(22)

Now by construction Φ̄ ∈ TLS(Ω0,Ω2) is a tube connecting Ω0 to Ω2 and
we get:

dh(Ω0,Ω2) ≤
∫ 1

2

0

1
2h

∫
Uh(Γt )

|∂tΦ̄(t,x)|dx dt +
∫ 1

1
2

1
2h

∫
Uh(Γt )

|∂tΦ̄(t,x)|dx dt

≤ 1
2h

[∫ 1
2

0

∫
Uh(Γt )

|2∂tΦ1(2t,x)|dx dt +
∫ 1

1
2

∫
Uh(Γt )

|2∂tΦ2(2t−1,x)|dx dt

]

≤
∫ 1

0

1
2h

∫
Uh(Γt )

|∂tΦ1(r,x)|dx dr +
∫ 1

0

1
2h

∫
Uh(Γt )

|∂tΦ2(u,x)|dx du

(23)

and as Φ1 (resp. Φ2) is the infimum in the definition of dh(Ω0,Ω1) (resp.
dh(Ω1,Ω2)) up to ε > 0. Then ∀ε ∈ R∗

+, we get

dh(Ω0,Ω2) ≤ dh(Ω0,Ω1) + dh(Ω1,Ω2) + 2ε (24)

�
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2 Shape Identification Problem

We address the question concerning the shape identification of a given smooth do-
main. A commonly used approach in shape analysis consists in choosing a level set
formulation for the evolution of moving domain. The main advantage of a level set
formulation concerns the easy generation of topological changes during the evolu-
tion process.

2.1 Shape Identification using a Level Set Method

Let us denote by Ω∗ ∈ D a smooth domain to identify and by χΩ∗ , its characteristic
function satisfying: χΩ∗ ∈ Hs(D) , 0 < s < 1

2 . Following [1], the evaluation of the
distance between the given domain Ω∗ and the moving domain Ωt is made by the
use of a metric associated to the Hilbert space Hs denoted δs(Ω ,Ω∗) and defined
by:

∀s ∈]0,
1
2
[ , δs(Ω ,Ω∗) = ‖χΩ − χΩ∗ ‖Hs(D)

= ‖χΩ − χΩ∗ ‖L2(D) + ‖χΩ − χΩ∗ ‖s

(25)

where
‖χΩ‖2

s =
∫

D

∫
D
|χΩ (x)−χΩ (y)|2 G(x,y) dxdy (26)

and where the kernel function defined by: G(x,y) = |x− y|−(n+2s) is singular on the
diagonal ∆ = {(x,x)⊂ D×D, x ∈ D}.

2.1.1 Shape Analysis via the Speed Method

Finally, we use the concept of speed method from shape analysis [3] to compute the
shape derivative of the metric δs(Ω ,Ω∗) which corresponds to a gradient direction
for the underling shape optimization problem:

min
Ω∈D

δs(Ω ,Ω∗) (27)

Definition 4. Let us consider an open set domain Ω where Γ = ∂Ω is of class C1.
We define the eulerian derivative of the functional J in the direction of a perturbation
vector field W ∈C1

0(D;D) by

dJ(Γt ,W) =
∂J
(
Γ (t + ε)

)
∂ε

∣∣∣
ε=0

(28)
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Lemma 3. The funtional δs(Ω ,Ω∗) is shape derivative for perturbation vector
fields V ∈C1

0(D,D), and expressed as follows:

d δs
(
(Ω ,Ω∗);V

)
=
∫

Γ

F(x)〈V(0,x),n(x)〉Rn dΓ (x) (29)

where dΓ is the arclength measure on Γ and where:

F(x) =
1−2χΩ∗(x)

2‖χΩ − χΩ∗ ‖L2(D)
+

∫
D

[
1−2χΩt (y) + 2

[
χΩ∗(y)−χΩ∗(x)

]]
G(x,y)dy

‖χΩ − χΩ∗ ‖s
(30)

Proof. See [1]. ut

2.2 Shape Identification using a Galerkin-Level Set Strategy

Generally, the parameterization of the level set function Φ is done by the oriented
distance function denoted bΩt , see [2, 3] for references:

Φ(t,x) = −bΩt (x) (31)

where bΩ (x) is also called signed distance function and is defined as follows:

bΩ (x) = dΩ (x) − d{Ω (x) with dA(x) = inf
y∈A

|y− x| (32)

The choice of the oriented distance function for the parameterization of the level
set function can be necessary for having a high accuracy of the boundary approxi-
mation. However, the choice of the oriented distance function implies an expansive
computational cost owing to the complexity of its evaluation and imposes a reini-
tialization during the evolution process. Consequently, according to the fact that in
this paper we focus on topological changes without considering the approximation
of the boundary as an essential point, we use a new approach called Galerkin-Level
Set method.

2.2.1 Galerkin-Level Set Strategy

The Galerkin-Level Set strategy consists in parameterizing the level set function in
a finite dimensional subspace E , spanned by linear independent functions defined
over D : E = {E1, . . . ,Em}. We denote by Λ(t) =

(
λ1(t), . . . ,λm(t)

)
the parameter

vector of the Galerkin decomposition of Φ in the basis E :
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Φ(t,x) =
m

∑
k=1

λk(t)Ek(x) (33)

Consequently, using the Galerkin decomposition of the level set function, the pa-
rameterization of the moving domain Ω(t) is defined as follows:

Ω(t) =
{

x ∈ D | Φ(t,x) =
m

∑
k=1

λk(t) Ek(x) > 0
}

(34)

2.2.2 Level Set Equation

In a level set formulation, the moving domain evolves by advecting the level set
function Φ following the flow of the shape gradient. Then, in a traditional level
set formulation, the transport equation is a Partial Differential Equation (PDE) of
Hamilton-Jacobi type:{

∂t Φ(t,x)+ρ F(x)‖∇Φ(t,x)‖ = 0 , ρ > 0
Φ(0,x) = Φ0(x) , (t,x) ∈ [0,τ]×Ωt

(35)

Remark 1 The main advantage of the Galerkin-Level Set method compared to the
traditional level set formulation concerns the level set equation that turns, in the
Galerkin-Level Set method, into a system of ordinary differential equations.

Lemma 4. Using the Galerkin-Level Set strategy (34), the level set equation turns
into a system of m ordinary differential equations:{

∂t Λ(t) + ρ F (t,x) = 0 , ρ > 0
Λ(0) = Λ0 , (t,x) ∈ [0,τ]×Ωt

(36)

where

F (t,x) =

( ∫
Γt

F(x)
‖∇Φ(t,x)‖

E1(x)dΓ (x), . . . ,
∫

Γt

F(x)
‖∇Φ(t,x)‖

Em(x)dΓ (x)

)
(37)

Proof. According to the Galerkin-Level Set strategy, consisting in the decomposi-
tion of function Φ (33), the shape derivative of the functional δs(Ω ,Ω∗) with respect
to the vector of parameters Λ(t) turns into:

d δs
(
(Ω ,Ω∗) ; V

)
=

m

∑
k=1

∂tλk(t)
∫

Γt

F(x)
Ek(x)

‖ ∇Φ(t,x) ‖
dΓ (x) (38)

where only the vector of parameters Λ(t) depends on time. A sufficient condition to
decrease the shape gradient is to choose:
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∀k ∈ [1,m], ∀ρ ∈ R∗
+ , ∂tλk(t) = −ρ

∫
Γt

F(x)
Ek(x)

‖ ∇Φ(t,x) ‖
dΓ (x) (39)

Finally, considering the level set equation we obtain a system of m ordinary differ-
ential equations (36). ut

Corollary 2. Substituting the approximation of the boundary integral calculus from
the equation (19), into the system of m ordinary differential equations (37), we ob-
tain an approximation of the vector F defined as follows:

F̃ (t,x) =

(
1
2h

∫
Uh(Γt )

F(x)E1(x)dx, . . . ,
1
2h

∫
Uh(Γt )

F(x)Em(x)dx

)
(40)

Note that in this new formulation the main advantage is that the denominator term
‖∇Φ(x)‖ has been eliminated.

From now, we use the previous corollary for the level set equation and we con-
sider the following algorithm.

Algorithm 1:

1. Initialization: Choose an initial vector of parameters Λ0 = (λ 0
1 , . . . ,λ 0

m). Ini-
tialize the level set function Φ0(x) = ∑

m
l=1 λ 0

l El(x). Set k = 0.
2. Shape gradient direction: Find the tubular neighborhood Uh(Γtk) of the zero

level set Γtk of the actual level set function Φ(tk,x). Compute F̃ (tk,x) from the
equation (40).

3. Update: Perform a time step in the level set equation (36) to update Λ(tk). Let
Λ(tk+1) denote this update: Λ(tk+1) = Λ(tk)− ρ F̃ (tk,x) , ρ > 0. Update the
function Φ(tk+1,x) = ∑

m
l=1 λl(tk+1)El(x). Set k = k +1 and go to 2.

2.3 Numerical Experiment

We present a numerical experiment based on the algorithm 1 for a 3D shape iden-
tification problem using the Galerkin-Level Set method described in the previous
section. In this numerical experiment, the given domain Ω∗ to identify is the gray
matter of a human brain. We consider a Galerkin-Level Set expansion of the level
set function Φ in Fourier series of dimension m = 253; note that in this 3D case
the level set function Φ is in R4. We start with a smooth initial domain Ωt=0 corre-
sponding to the lower frequency of the Fourier series: see left-hand picture in Fig. 2.
The algorithm detects the contour of the human brain after only 8 iterations.
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Fig. 2 Shape identification of gray matter of human brain using a Galerkin-Level Set method

3 Geodesic Tube Formulation using Moving Domain

3.1 Tube Formulation using a Galerkin Strategy

The tube path between Ω0 and Ω1 is made by a Galerkin-Level Set approach. The
moving domain Ωt of the tube evolution defined by the equation (1) is parameterized
by the Galerkin-Level Set formulation and defined as follows:

Ω(t) =
{

x ∈ D | Φ(t,x) =
m

∑
k=1

λk(t) Ek(x) > 0
}

(41)

where Λ(t) = (λ1(t), . . . ,λm(t)) ∈ Rm is the vector of parameters in the Galerkin
expansion of the level set function. The first step consists in identifying the initial
domain Ω0 and the final domain Ω1 through the research of the parameters Λ0 =
(λ 0

1 , . . . ,λ 0
m ) ∈ Rm and Λ1 = (λ 1

1 , . . . ,λ 1
m ) ∈ Rm which satisfy the equations:

Φ0(x) =
m

∑
k=1

λ
0
k Ek(x) , Φ1(x) =

m

∑
k=1

λ
1
k Ek(x) (42)

Thus, the feasible set of connecting tubes between Ω0 and Ω1 through the
Galerkin-Level Set formulation turns into:
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TΛ (Ω0,Ω1) =

{
Λ(t) ∈

(
L2(I)

)m
,

[
Λ(0) = Λ0

Λ(1) = Λ1

}
(43)

Remark 2 The feasible set of connecting tubes between Ω0 and Ω1 is not empty.
Indeed, if we consider the vector of parameters Λ(t) as a convex combination of Λ0
and Λ1: Λ(t) = Λ1 t + Λ0 (1− t), we have Λ(t) ∈ TΛ (Ω0,Ω1). Moreover, the pa-
rameters Λ(t) defined as a convex combination of Λ0 and Λ1 generate an admissible
tube that we use for the initialization during the tube optimization process.

3.2 Geodesic Tube Construction between Two Domains

We focus on the construction of an optimal tube connecting the initial domain Ω0 to
the final domain Ω1, this optimal tube is also called a geodesic tube. The question
is to determine, through the use of shape metrics d(Ω0,Ω1) and dh(Ω0,Ω1), which
tube is an optimal tube among all those tubes in the admissible set (see Fig. 3).

Fig. 3 Different continuous tubes between Ω0 and Ω1

Let us consider the metrics d and dh defined by (4) and (20) that we can rewrite as
follows:

d(Ω0,Ω1) = inf
Φ∈TLS(Ω0,Ω1)

∫ 1

0
J
(
Γt
)

dt

dh(Ω0,Ω1) = inf
Φ∈TLS(Ω0,Ω1)

∫ 1

0
Jh
(
Γt
)

dt
(44)

where the functionals J
(
Γt
)

and Jh
(
Γt
)

are defined by:

J
(
Γt
)

=
∫

Γt

|v(t,x)| dΓ (x) =
∫

Γt

|∂t Φ(t,x)|
‖∇Φ(t,x)‖

dΓ (x)

Jh
(
Γt
)

=
1

2h

∫
Uh(Γt )

|∂t Φ(t,x)| dx
(45)
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Then, in order to solve the problem concerning the geodesic tube, that is to say to
compute the metrics d or dh defined by (44), we use a gradient method based on the
computation of the shape derivative.

Lemma 5. According to (28), the eulerian derivative of the functional J in the di-
rection of a perturbation vector field W ∈C1

0(D;D) is:

dJ(Γt ,W) =
∫

Γt

∂ε |v(t + ε,x)|
∣∣∣
ε=0

dΓ (x)

+
∫

Γt

[
∂ |v(t,x)|

∂n
+ H(t,x) |v(t,x)|

]
〈W(t,x) , n(t,x)〉Rn dΓ (x)

(46)

where H is the mean curvature. Using the level set formulation the eulerian deriva-
tive of the functional J turns into:

dJ(Γt ,W) =
∫

Γt

[
sign(∂t Φ)
‖∇Φ‖

∂ε

(
∂t Φ

)∣∣∣
ε=0

− |∂t Φ | 1
‖∇Φ‖3 ∇Φ .∇

(
∂ε Φ

)∣∣∣
ε=0

+

(
− sign(∂tΦ)

∇Φ

‖∇Φ‖
.
∇
(
∂tΦ

)
‖∇Φ‖

+2|∂tΦ | ∇Φ

‖∇Φ‖
.
[ D2Φ

‖∇Φ‖2 .
∇Φ

‖∇Φ‖

]
−

− |∂tΦ |
‖∇Φ‖2 ∆Φ

)
∂ε Φ

‖∇Φ‖

]
dΓ (x)

(47)

Proof. According to the equation (46), the eulerian derivative of the functional Jls
in the direction of a perturbation vector field W turns into:

∂ε |v(t + ε,x)|
∣∣∣
ε=0

= ∂ε

( |∂t Φ |
‖∇Φ‖

)∣∣∣
ε=0

=
sign(∂t Φ)
‖∇Φ‖

∂ε

(
∂t Φ

)∣∣∣
ε=0

+ ∂ε

( 1
‖∇Φ‖

)∣∣∣
ε=0

|∂t Φ |

=
sign(∂t Φ)
‖∇Φ‖

∂ε

(
∂t Φ

)∣∣∣
ε=0

− |∂t Φ | 1
‖∇Φ‖3 ∇Φ .∇

(
∂ε Φ

)∣∣∣
ε=0

(48)

and

∂ |v(t,x)|
∂n

+ H |v(t,x)| =
−∇Φ

‖∇Φ‖
.∇
( |∂t Φ |
‖∇Φ‖

)
+ ∇.

(−∇Φ

‖∇Φ‖

) |∂t Φ |
‖∇Φ‖

(49)
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−∇Φ

‖∇Φ‖
.∇
( |∂t Φ |
‖∇Φ‖

)
+
[
−∇

( 1
‖∇Φ‖

)
.∇Φ − ∆Φ

‖∇Φ‖

] |∂t Φ |
‖∇Φ‖

=
−∇Φ

‖∇Φ‖
.

∇
(
|∂t Φ |

)
‖∇Φ‖

− 2 |∂tΦ | ∇Φ

‖∇Φ‖
.∇
( 1
‖∇Φ‖

)
− |∂tΦ |
‖∇Φ‖2 ∆Φ

= −sign(∂tΦ)
∇Φ

‖∇Φ‖
.

∇
(
∂tΦ

)
‖∇Φ‖

+

+ 2 |∂tΦ | ∇Φ

‖∇Φ‖
.
[ D2Φ

‖∇Φ‖2 .
∇Φ

‖∇Φ‖

]
− |∂tΦ |
‖∇Φ‖2 ∆Φ

(50)

ut

Lemma 6. According to (28), the eulerian derivative of the functional Jh in the di-
rection of a perturbation vector field W ∈C1

0(D;D) is:

dJh(Γt ,W) =
1
2h

∫
D

[
∂ε

(
|∂t Φ(t + ε,x)|

)∣∣∣
ε=0

ρh ◦bΩt (x)
]

dx

+
1

2h

∫
D

[
|∂t Φ(t,x)|∂ε

(
ρh ◦bΩt+ε

(x)
)∣∣∣

ε=0

]
dx

(51)

where the function ρh is defined by: ρh(x) =


x
h +1 if x ∈ [−h,0]
−x
h +1 if x ∈ [0,h]

0 if x ∈ R\ [−h,h]
.

Proof. Due to the fact that ρh ◦ bΩt (x)
∣∣∣
Γt

= 1, and using the fact that supp(ρh ◦
bΩt )⊆ Uh(Γt) we can rewrite the functional Jh as follows

Jh(Γt) =
1
2h

∫
D
|∂t Φ(t,x)| ρh ◦bΩt (x) dx (52)

Consequently, the eulerian derivative of the functional Jh turns into the equation
(51) where:

∂ε

(
|∂t Φ(t + ε,x)|

)∣∣∣
ε=0

= sign(∂t Φ) ∂ε

(
∂t Φ(t,x)

)∣∣∣
ε=0

. (53)

Using ∂ε

(
bΩt (x)

)
+ ∇bΩt (x) .W◦ p = 0 and ∇bΩt (x) = n(t,x) , we get

∂ε

(
ρh ◦bΩt (x)

)∣∣∣
ε=0

= ρ
′
h ◦bΩt (x) ∂ε

(
bΩt (x)

)
= −ρ

′
h ◦bΩt (x) 〈W , n〉Rn

= −ρ
′
h ◦bΩt (x)

∂ε Φ

‖∇Φ‖

(54)

The derivative of the function ρh(x) is defined by:
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ρ ′
h(x) =


1
h if x ∈ [−h,0]
−1
h if x ∈ [0,h]

0 if x ∈ R\ [−h,h]

=

{
1
h

(
1−2χΩt (x)

)
if x ∈Uh(Γt)

0 if x ∈ R\ [−h,h]

Finally, we get for the eulerian derivative of the functional Jh in the direction of
a perturbation vector field W ∈C1

0(D;D):

dJh(Γt ,W) =
1
2h

∫
D

[
sign(∂t Φ) ∂ε

(
∂t Φ(t,x)

)∣∣∣
ε=0

ρh ◦bΩt (x)
]

dx

− 1
2h

∫
D

[
|∂t Φ(t,x)|ρ ′

h ◦bΩt (x)
∂ε Φ

‖∇Φ‖

]
dx

(55)

ut

3.2.1 Polynomial Decomposition of the Parameter Λ(t)

We continue the study of a geodesic tube through a tube formulation using a
Galerkin-Level set strategy. Consequently, Λ(t) ∈ TΛ (Ω0,Ω1) represents the pa-
rameters of the optimization process. For complexity reason, we consider a polyno-
mial decomposition of the parameter Λ(t) as follows:

Λ(t) = Pα(t)Λ1 +
(
1−Pα(t)

)
Λ0 , Pα(t) =

M

∑
i=1

αi ei(t) (56)

where α = (α1, . . . ,αM) are the coefficients of the decomposition of the polynomial
Pα(t) in the basis {e1(t), . . . ,eM(t)}. Consequently, the feasible set of connecting
tubes defined by (43) with initial and final conditions on Λ(t) turns into a feasible
set with initial and final conditions on the polynomial Pα defined as follows:

Tα(Ω0,Ω1) =

{
α ∈ RM ,

[
Pα(0) = 0
Pα(1) = 1

}
(57)

Let us consider the metrics d and dh defined by (4) and (20) that we can rewrite
as follows:

d(Ω0,Ω1) = inf
α∈Tα (Ω0,Ω1)

∫ 1

0
J̃
(
Γt
)

dt

dh(Ω0,Ω1) = inf
α∈Tα (Ω0,Ω1)

∫ 1

0
J̃h
(
Γt
)

dt
(58)

where the functionals J̃
(
Γt
)

and J̃h
(
Γt
)

are defined by:
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J̃
(
Γt
)

= |Ṗα(t)|
∫

Γt

|Φ1(x) −Φ0(x)|
‖∇Φ ‖

dΓ (x)

J̃h
(
Γt
)

=
|Ṗα(t)|

2h

∫
Uh(Γt )

|Φ1(x) −Φ0(x)|dx
(59)

Then, in order to solve the problem concerning the geodesic tube, that is to say
to compute the metrics d or dh defined by (58), we use a gradient method based on
the computation of the shape derivative.

Assumption 2 The shape derivative of the functional J defined by (46) can be
rewritten as follows:

dJ(Γt ,W) =
∂J
(
α + εh

)
∂ε

∣∣∣
ε=0

= 〈h , ∇J(Γt)〉RM (60)

where ∀i ∈ [1,M] :

(
∇J(Γt)

)
i = ėi(t)sign

(
Ṗα(t)

) ∫
Γt

|Φ1(x)−Φ0(x)|
‖∇Φ‖

dΓ (x)

+ ei(t) |Ṗα(t)| ,
∫

Γt

|Φ1(x)−Φ0(x)|
‖∇Φ‖

K(t,x) dΓ (x)
(61)

and

K(t,x) =

[
−2

∇Φ .
(
∇Φ1(x)−∇Φ0(x)

)
‖∇Φ‖2 +

+ 2
(
Φ1(x)−Φ0(x)

) ∇Φ

‖∇Φ‖
.
[ D2Φ

‖∇Φ‖2 .
∇Φ

‖∇Φ‖

]
−
(
Φ1(x)−Φ0(x)

) ∆ Φ

‖∇Φ‖2

] (62)

Assumption 3 The shape derivative of the functional Jh defined by (51) can be
rewritten as follows:

dJh(Γt ,W) =
∂Jh
(
α + εh

)
∂ε

∣∣∣
ε=0

= 〈h , ∇Jh(Γt)〉RM (63)

where ∀i ∈ [1,M] :
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∇Jh(Γt)

)
i =

ėi(t)
2h

sign
(
Ṗα(t)

) ∫
Uh(Γt )

|Φ1(x)−Φ0(x)| dx

− ei(t)
2h2 |Ṗα(t)|

∫
Uh(Γt )

(
1−2χΩt (x)

)
|Φ1(x)−

Φ0(x)|
(
Φ1(x)−Φ0(x)

)
‖∇Φ‖

dx

(64)

Algorithm 2:

1. Initialization: Choose an initial vector of parameters Λ(t) defined by (56)
which generate an admissible connecting tube between Ω0 and Ω1 through the
choice of the parameter α . Initialize the level set function
Φ(t,x) = Pα(t)Φ1(x) + (1−Pα(t))Φ0(x). Set k = 0.

2. Shape gradient direction: For every t ∈ I, find the tubular neighborhood Uh(Γt)
of the zero level set Γt of the actual level set function Φ(t,x). Compute ∇Jh(Γt)
from the equation (64).

3. Update:

• Perform a time step to update α .
• Let α+ denote this update: α+ = α −ρ

∫ 1
0 ∇Jh(Γt)dt , ρ > 0.

• Update the function Φ+(t,x) = Pα+(t)Φ1(x) + (1−Pα+(t))Φ0(x).
• Set k = k +1 and go to (2).

3.3 Numerical Experiment of a Geodesic Tube Construction

We present a numerical experiment based on the algorithm 2 for a 3D tube opti-
mization. Fig. 4 shows tubes obtained during the optimization process for different
iterations. From Fig. 5 we can see that the tube obtained after seven iterations has
a more homogeneous distribution of the functional values Jh(Γt) compared to the
initial tube. The result of this optimization process is the construction of a smoother
tube than the initial tube.

Fig. 4 Tube optimization using the metric dh(Ω0,Ω1)
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Fig. 5 Distribution of the functional values Jh(Γt) for tube obtained during the optimization process
of Fig. 4
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